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1. Introduction

Studying nonlinear sigma models whose target spaces are generalized Kähler geometries

in N =(2, 2) superspace, we found new vector multiplets [1 – 4] that can be used to gauge

isometries that act on different types of superfields [5]. In this note, we extend these results

to the nonabelian case; in particular we find the algebra of the gauge-covariant superspace

derivatives. Our results make possible new nonabelian gaugings and quotient constructions,

and give insight into the geometric meaning of the new multiplets.

The plan of the paper is as follows: In the next section, we review the abelian multi-

plets [1, 2]. In section 3, we discuss the nonabelian extensions of the large vector multiplet,

which couples chiral and twisted chiral gauge symmetries [6]; we give the fundamental

superfield gauge potentials, construct covariant derivatives as well as field strengths in

N = (2, 2) superspace, reduce to N = (1, 1) superspace and discuss actions (cf. [4] for the

abelian case). In section 4, we repeat this discussion for the semichiral vector multiplet [7].

We end with a few remarks. We follow the notation of [3].
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2. Abelian vector multiplets

Until recently, two N =(2, 2) vector multiplets were known. Both are described by a single

unconstrained scalar superfield V and differ by their gauge transformations: The chiral

gauge multiplet transforms with a chiral gauge parameter (D̄±Λ = 0)

δV φ = i(Λ̄ − Λ) , (2.1)

whereas the twisted chiral gauge multiplet transforms with a twisted chiral gauge parameter

(D̄+Λ̃ = D−Λ̃ = 0)

δV χ = i(¯̃Λ − Λ̃) . (2.2)

These multiplets have gauge invariant twisted chiral and chiral field strengths, respec-

tively:

W̃ = D̄+D−V φ , W = D̄+D̄−V χ . (2.3)

In [1], we introduced two new multiplets: the large vector multiplet (rewritten here in

the conventions of [3])

δV φ = i(Λ̄ − Λ) , δV χ = i(¯̃Λ − Λ̃) , δV ′ = (−Λ − Λ̄ + Λ̃ + ¯̃Λ) , (2.4)

which transforms with chiral and twisted chiral parameters, and the semichiral vector

multiplet (see also [2])

δV
L = i(Λ̄L − ΛL) , δV

R = i(Λ̄R − ΛR) , δV
′ = (−ΛL − Λ̄L + ΛR + Λ̄R) , (2.5)

whose gauge parameters are semichiral: D̄+ΛL = D̄−ΛR = 0. In both cases it is useful to

introduce complex linear combinations with simple transformations.

For the large vector multiplet, one finds the combinations

VL =
1

2
(−V ′ + i(V φ − V χ)) ⇒ δVL = Λ − Λ̃ ,

VR =
1

2
(−V ′ + i(V φ + V χ)) ⇒ δVR = Λ − ¯̃Λ . (2.6)

Note that VL,R are constrained, as they have the same real part

VL + V̄L = VR + V̄R , (2.7)

or equivalently,

VL = VR − iV χ (2.8)

This constraint is preserved by the gauge transformations. The field-strengths of the large

vector multiplet are semichiral spinors:

G+ = D̄+VL , G− = D̄−VR , Ḡ+ = D+V̄L , Ḡ− = D−V̄R . (2.9)

For the semichiral vector multiplet, we find similar combinations:

V =
1

2
(−V

′ + i(VL − V
R)) ⇒ δV = ΛL − ΛR , (2.10)

Ṽ =
1

2
(−V

′ + i(VL + V
R)) ⇒ δṼ = ΛL − Λ̄R . (2.11)
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As for the large vector multiplet, these combinations are constrained to have the same

real part. The field-strengths of the semichiral vector multiplet are chiral and twisted

chiral scalars:

F = D̄+D̄−V , F̄ = −D+D−V̄ , F̃ = D̄+D−Ṽ ,
¯̃
F = −D+D̄−

¯̃
V . (2.12)

3. Nonabelian large vector multiplet

3.1 Covariant derivatives and field-strengths

The nonabelian generalizations of (2.1) and (2.2) are well known; for finite gauge transfor-

mations they are

g(Λ)eV φ

= eiΛ̄eV φ

e−iΛ , g(Λ̃)eV χ

= ei
¯̃ΛeV χ

e−iΛ̃ . (3.1)

These clearly carry over for (2.4), except for the transformation of V ′, which cannot easily

be generalized in a way compatible with the group property. Instead, we use the complex

potential VR, and postulate

g(Λ, Λ̃)e−iVR = ei
¯̃Λe−iVRe−iΛ ⇒ g(Λ, Λ̃)eiV̄R = eiΛ̄eiV̄Re−iΛ̃ . (3.2)

This choice is arbitrary, as we could have formulated (3.2) using the complex potential VL;

we define it by e−iVL = e−V χ

e−iVR (cf. eq. (2.8)).

To avoid introducing extra degrees of freedom, we impose a gauge covariant reality

condition:

eiV̄R = eV φ

eiVReV χ

, (3.3)

which is compatible with (2.6), as it reduces to i(V̄R −VR) = V φ +V χ in the Abelian limit.

Gauging proceeds in usual way, e.g.,

K(Φ̄·Φ, χ̄·χ, Φ̄·χ, χ̄·Φ) → K(Φ̄ eV φ

·Φ, χ̄ eV χ

·χ, Φ̄ eiV̄R ·χ, χ̄ e−iVR ·Φ) (3.4)

for Φ, χ in the same (arbitrary) representation of the nonabelian gauge group.

Covariant derivatives can be constructed in different representations appropriate to the

matter fields they act on. Here we start with the chiral representation, which acts naturally

on chiral superfields. In this representation, the covariant derivatives ∇ transform as

g(Λ)∇ = eiΛ∇e−iΛ . (3.5)

Other representations can be found by conjugating with the appropriate combinations of

eV φ

, eV χ

and eiVR . Because the gauge parameter Λ is chiral, D̄±Λ = 0, D̄± are already co-

variant

∇̄± = D̄± , (3.6)

that is, they transform as (3.5). Likewise, the usual expressions

∇± = e−V φ

D±eV φ

(3.7)

– 3 –
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are covariant. However, because D̄+Λ̃ = D−Λ̃ = 0, there are more covariantly transforming

derivatives; a quick calculation shows that

∇̂+ = eiVRD+e−iVR

ˆ̄∇− = eiVRD̄−e−iVR

ˆ̄∇+ = eiVReV χ

D̄+e−V χ

e−iVR

∇̂− = eiVReV χ

D−e−V χ

e−iVR (3.8)

are also good covariant derivatives. The derivatives (3.6) and (3.7) are simple in chiral or an-

tichiral representation. A twisted chiral representation is obtained after a similarity trans-

formation with e−iVL = e−V χ

e−iVR ; then the supercovariant derivatives ∇̂ become simple:

e−iVL∇̂+eiVL = e−V χ

D+eV χ

e−iVL ˆ̄∇−eiVL = e−V χ

D̄−eV χ

e−iVL ˆ̄∇+eiVL = D̄+

e−iVL∇̂−eiVL = D− . (3.9)

In this representation, the derivatives ∇ are complicated.

The difference of two covariant derivatives is a covariant tensor, and thus is a field-

strength. We write four spinor field-strengths that are the nonabelian generalizations

of (2.9):1

G+ = i( ˆ̄∇+ − ∇̄+) , G− = i( ˆ̄∇− − ∇̄−) ,

Ḡ+ = i(∇̂+ −∇+) , Ḡ− = i(∇̂− −∇−) . (3.10)

We may shift the spinor covariant derivatives by these spinor field-strengths as we

wish; indeed, such shifts play a crucial role in understanding the kinetic terms of the large

vector multiplet.

These spinor field-strengths obey (nonlinear) semichiral constraints. Using the identity

{ ˆ̄∇± + ∇̄± , ˆ̄∇± − ∇̄±} = {∇̂± + ∇± , ∇̂± −∇±} = 0 , (3.11)

we find

( ˆ̄∇± + ∇̄±)G± = 0 ⇔ ∇̄±G± −
i

2
{G±, G±} = 0 ,

(∇̂± + ∇±)Ḡ± = 0 ⇔ ∇±Ḡ± −
i

2
{Ḡ±, Ḡ±} = 0 . (3.12)

Higher dimension field-strengths may be found by taking anticommutators of covariant

derivatives (3.5). In general, each chirality choice ((twisted)(anti)chiral) has three possible

field-strengths and one trivial anticommutator. For example

{∇+,∇−} = 0 , (3.13)

1The signs in (3.10) may seem inconsistent with hermitian conjugation; however, hermitian conjugation

also changes the representation these Lie algebra-valued quantities act on, whereas in (3.10) both G and Ḡ

act on the same representation. This results in an extra (−) sign.

– 4 –
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whereas

{∇̂+,∇−} , {∇+, ∇̂−} , {∇̂+, ∇̂−} (3.14)

are nonvanishing. Using (3.10) and (3.13), we have:

{Ḡ+, Ḡ−} = {∇̂+,∇−} + {∇+, ∇̂−} − {∇̂+, ∇̂−} . (3.15)

We thus find the independent field-strengths:

chiral: F = { ˆ̄∇+, ∇̄−} = −i∇̄−G+ , F̂ = {∇̄+, ˆ̄∇−} = −i∇̄+G−

antichiral: F̄ = {∇̂+,∇−} = −i∇−Ḡ+ , ˆ̄F = {∇+, ∇̂−} = −i∇+Ḡ−

twisted chiral: F̃ = { ˆ̄∇+,∇−} = i ˆ̄∇+Ḡ− ,
ˆ̃F = {∇̄+, ∇̂−} = i∇̂−G+

twisted antichiral: ¯̃F = {∇̂+, ∇̄−} = i∇̂+G− ,
ˆ̃̄
F = {∇+, ˆ̄∇−} = i ˆ̄∇−Ḡ+

(3.16)

The nonabelian field-strengths (3.16) match, in the abelian case [3], with combinations of

the form

2F = W + iB , 2F̂ = W − iB , etc. (3.17)

Each field-strength has specific chirality properties that follow from its definition, e.g.,

ˆ̄∇+F = ∇̄−F = 0 , ∇̄+F̂ = ˆ̄∇−F̂ = 0 , etc. (3.18)

3.2 Reduction to N =(1, 1) superspace

As in the abelian case, we decompose

D± =
1

2
(D± − iQ±) , (3.19)

as well as

Re G±|N=(1,1) = Ξ1
± , Im G±|N=(1,1) = Ξ2

± . (3.20)

The two sets of N =(1, 1) supercovariant derivatives decompose as:2

∇± =
1

2
(D± − iQ±) , ∇̂± =

1

2
(D̂± − iQ̂±) ,

D̂± = D± − 2iΞ1
± , Q̂± = Q± − 2iΞ2

± . (3.21)

The hatted set differs from the unhatted set by covariant field redefinitions; note that

the redefinition exchanging D and D̂ is a shift of the N = (1, 1) connections for D± =

D± + iA± by 2iΞ1
±.

The field-strengths F, F̃ can be expressed in N =(1, 1) superspace by acting with D̂+,

Q̂+, D− and Q− on Ξ1,2
± (cf. eq. (3.16)). We therefore define:

Ď+ = D̂+ , Q̌+ = Q̂+ , Ď− = D− , Q̌− = Q− . (3.22)

2As is standard, in descending to N = (1, 1) superspace, we reduce the gauge parameter to a single

N =(1, 1) superfield; this means we perform a partial (Wess-Zumino) gauge-fixing. As a result, Q± has no

N =(1, 1) connection.

– 5 –



J
H
E
P
0
2
(
2
0
0
9
)
0
2
0

From the spinor derivatives (3.22), we construct real N =(1, 1) scalars

qχ = {Ď+, Q̌−}=−iQ̌(+Ξ1
−) + iĎ[+Ξ2

−]

qφ = {Ď−, Q̌+}= iQ̌[+Ξ1
−] − iĎ(+Ξ2

−)

q′ = {Q̌+, Q̌−}= iQ̌[+Ξ2
−] + iĎ(+Ξ1

−)

as well as the field-strength

f ≡ {Ď+, Ď−} = iQ̌(+Ξ2
−) + iĎ[+Ξ1

−] (3.23)

These conventions simplify the N =(1, 1) reduction of all unhatted field-strengths by

eliminating both iDΞ and {Ξ,Ξ} terms:

4F|= f − q′ + i(qχ + qφ) (3.24)

4F̄|= f − q′ − i(qχ + qφ)

4F̃|= f + q′ − i(qχ − qφ)

4¯̃F|= f + q′ + i(qχ − qφ)

F̂|= ¯̃F − iĎ+Ξ1
− + {Ξ1

+,Ξ1
−} − {Ξ2

+,Ξ2
−} − i(iĎ+Ξ2

− − {Ξ
(1
+ ,Ξ

2)
−})

ˆ̄F|= F̃ − iĎ+Ξ1
− + {Ξ1

+,Ξ1
−} − {Ξ2

+,Ξ2
−} + i(iĎ+Ξ2

− − {Ξ
(1
+ ,Ξ

2)
−})

ˆ̃F|= F + iĎ−Ξ1
+ + {Ξ1

+,Ξ1
−} + {Ξ2

+,Ξ2
−} + i(iĎ−Ξ2

+ − {Ξ
[1
+,Ξ

2]
−})

ˆ̃̄
F|= F̄ + iĎ−Ξ1

+ + {Ξ1
+,Ξ1

−} + {Ξ2
+,Ξ2

−} − i(iĎ−Ξ2
+ − {Ξ

[1
+,Ξ

2]
−}) (3.25)

The N = (1, 1) fields (3.22) and (3.23) could be redefined [4] by real shifts of qi and

the connections A±. The redefinitions

q̂χ = {D+, Q̂−} , q̂φ = {D̂−, Q+} , q̂′ = {Q+, Q̂−} and f̂ = {D+, D̂−} (3.26)

simplify the reduction to N = (1, 1) for the field-strengths F̂,
ˆ̃F and introduces extra iDΞ

and {Ξ,Ξ} terms into the reduction for the field-strengths F, F̃.

An immediate consequence of the structure of these definitions is that we are able

to remove both iDΞ and {Ξ,Ξ} terms from either the hatted set or the unhatted set of

N = (2, 2) field-strengths, but not both simultaneously. This result greatly simplifies our

discussion of actions for the large vector multiplet.

3.3 The action in N =(1, 1) superspace

3.3.1 Generalities

We descend to N =(1, 1) superspace by rewriting the measure in terms of D±, Q± and ex-

plicitly evaluating the Q derivatives (see, e.g., [3]). Starting with the N =(2, 2) superspace

measure and an N =(2, 2) Lagrange density K, we write an action

S =

∫

d2ξD+D−Q+Q− K . (3.27)

– 6 –
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Since K is a gauge scalar, we are free to choose whether Q(D)-derivatives acts on K as

Q(D) or Q̂(D̂).

This leads to a subtlety in descending to N = (1, 1) superspace. Unlike the abelian

case, where one can simply exchange Q and D-derivatives using the complex structure

Q±ϕi = J±
i
jD±ϕj , (3.28)

the natural nonabelian field-strengths (3.16) have chirality properties with respect to dif-

ferent N = (2, 2) supercovariant derivatives. This results in a possible shift of the rela-

tion (3.28) with a spinor multiplet G. For example, the action of Q̌± on the (anti)chiral

field-strengths reads

Q̌+ Q̌−

F iĎ+F| iĎ−F|

F̄ −iĎ+F̄| −iĎ−F̄|

F̂ iĎ+F̂| − 2[G+, F̂]| iĎ−F̂| + 2[G−, F̂]|
ˆ̄F −iĎ+

ˆ̄F| + 2[Ḡ+, ˆ̄F]| −iĎ−
ˆ̄F| − 2[Ḡ−, ˆ̄F]|

(3.29)

For the action of Q̌+Q̌− we find:

Q̌+Q̌−

F Ď−Ď+F| + i[qφ,F]|

F̄ Ď−Ď+F̄| − i[qφ, F̄]|

F̂ −{iĎ− + 2G−, [iĎ+ − 2G+, F̂]} + [f + q′ + iqχ − 2iĎ+G−, F̂]|
ˆ̄F −{iĎ− + 2Ḡ−, [iĎ+ − 2Ḡ+, ˆ̄F]} − [f + q′ − iqχ − 2iĎ+Ḡ−, ˆ̄F]|

(3.30)

where we used the anticommutators

{Q̌+, iĎ− + 2G−}= f + q′ + iqχ − 2iĎ+G−

−{Q̌+, iĎ− + 2Ḡ−}= f + q′ − iqχ − 2iĎ+Ḡ− (3.31)

3.3.2 Evaluating the actions

Physically sensible actions cannot have terms with higher derivatives on fermions. We now

generalize the results presented in [4], where field redefinitions were found that allowed us

to write down actions for (anti)chiral field-strengths and twisted (anti)chiral field-strengths.

Näıvely, quadratic terms in (anti)chiral field-strengths may appear in three flavors: FF̄,

F̂ˆ̄F, and Fˆ̄F + c.c. Using the results of the previous section, one can show that there exist

field redefinitions that eliminate higher derivative terms for either of the first two but not

the last N =(2, 2) action. Extending these results to the twisted (anti)chirals we find that

sensible gauge actions in N = (2, 2) are either combinations of only hatted field-strengths

or only unhatted ones.

– 7 –
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From (3.16) and (3.18), we see that e.g., the action3 K = Tr(FF̄− F̃¯̃F) is conveniently

reduced to N =(1, 1) superspace by acting with Q-derivatives as Q− and Q̂+:
∫

D+D−Q+Q− Tr
(

FF̄ − F̃¯̃F) (3.32)

=
1

4

∫

D+D− Tr
(

Ď+(f − q′)Ď−(f − q′) + Ď+(qχ + qφ)Ď−(qχ + qφ)

+Ď+(f + q′)Ď−(f + q′) + Ď+(qχ − qφ)Ď−(qχ − qφ) − 2[q′, qχ]qφ
)

=
1

2

∫

D+D− Tr
(

Ď+fĎ−f + Ď+qχĎ−qχ + Ď+q′Ď−q′ + Ď+qφĎ−qφ − [q′, qχ]qφ
)

.

It is interesting to notice that the action (3.32), and in particular the scalar commutator

term, is reminiscent of the action for N = 2 d = 4 super Yang-Mills theory. This suggests

that the large vector multiplet action has N = (4, 4) supersymmetry. We leave this for

future work.

Other possible contributions to the nonabelian large vector multiplet action originate

from superpotentials which are encoded in four complex functions. Their reduction to

N =(1, 1) superspace reads:

Ssp = 2 Re

∫

D+D−

(

P (F) + P̃ (F̃) + P̂ (F̂) + ˆ̃
P (ˆ̃F)

)

∣

∣

∣

∣

. (3.33)

The criterion for consistent superpotential terms, which is the absence of terms of the form

D+Ξ−D−Ξ+, is automatically met for any of the field redefinition required to make the

kinetic terms consistent. In the abelian limit, terms involving FF̂ are also chiral, but were

excluded by a consistency condition found in [4]; here, these terms are not chiral and hence

are automatically excluded.

The superpotential terms (3.33) give mass terms for the scalar multiplets as well actions

for the spinor multiplets Ξ1,2
± (as in the abelian case [4]).

4. Nonabelian semichiral vector multiplet

The strategy we follow for the semichiral vector multiplet is very similar to the one we use

for the large vector multiplet. However, since the gauge parameters are semichiral, we find

unique gauge covariant spinor derivatives and all the field-strengths arise in the usual way

as (anti)commutators.

We take the nonabelian generalization of (2.5), (2.10), (2.11) to be:

g(ΛL,ΛR)eiV = eiΛLeiVe−iΛR

g(ΛL, Λ̄R)eiṼ = eiΛLeiṼe−iΛ̄R

g(ΛL)eVL

= eiΛ̄LeVL

e−iΛL

g(ΛR)eVR

= eiΛ̄ReVR

e−iΛR . (4.1)

3It is essential to have both FF̄ and F̃¯̃F terms in the N = (2, 2) Lagrange-density to give dynamics all

N =(1, 1) multiplets. In the abelian case, where terms of the form {Ξ, Ξ} vanish, actions that contain only

chiral or only twisted chiral multiplets are also possible. These actions are discussed in [4].
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As for the large vector multiplet, not all of these potentials are independent. We impose

the gauge covariant constraint

eiV = e−VL

ei
¯̃
V (4.2)

as well as the gauge covariant reality constraint

eiV = e−V
L

eiV̄eV
R

. (4.3)

Again, the coupling to (semichiral) matter is straightforward:

K(X̄L ·XL, X̄R ·XR, X̄L ·XR, X̄R ·XL) →

K(X̄LeVL

·XL, X̄ReVR

·XR, X̄Lei
¯̃
V·XR, X̄Re−iṼ·XL) . (4.4)

The covariant derivatives read (in the left semichiral representation):

∇̄+ = D̄+

∇̄− = eiV
D̄−e−iV

∇+ = eiVei
¯̃
V

D+e−i
¯̃
Ve−iV = eiṼe−iV̄D+eiV̄e−iṼ = e−V

L

D+eV
L

∇− = eiṼ
D−e−iṼ (4.5)

The nonabelian generalization of the field-strengths (2.12) is

F = i{∇̄+, ∇̄−} F̄ = −i{∇+,∇−}

F̃ = i{∇̄+,∇−}
¯̃
F = −i{∇+, ∇̄−} , (4.6)

which are covariantly chiral and twisted chiral scalars.

4.1 Reduction to N =(1, 1) superspace

Having a single set of N = (2, 2) supercovariant derivatives, we introduce the N = (1, 1)

derivatives

∇± =
1

2
(D± − iQ±) , (4.7)

that give the N =(1, 1) field-strength for the connections

f = {D+,D−} = {∇+ + ∇̄+,∇− + ∇̄−} = −i
(

F + F̃ − F̄ − ¯̃
F

)
∣

∣

∣
, (4.8)

and three scalars that follow the notation of [1]

d̂1 =
(

F + F̄
)∣

∣ , d̂2 =
(

F̃ + ¯̃
F

)∣

∣

∣
, d̂3 = i

(

F − F̄ − F̃ + ¯̃
F

)∣

∣

∣
. (4.9)

In [1] we have obtained the D-term action, which is a simple sum of kinetic terms for

the (twisted) chiral field-strengths. Using the chirality properties of the field-strengths

Q±(F, F̄, F̃,
¯̃
F) = D±(iF,−iF̄,±iF̃,∓i

¯̃
F) , (4.10)
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the nonabelian action

SX =

∫

d2ξ D+D−Q+Q−Tr
(

FF̄ − F̃
¯̃
F

)

(4.11)

reduces to the N =(1, 1) action

SX =

∫

d2ξD+D− Tr

(

1

2
D+fD−f +

1

2
D+d̂3D−d̂3

+D+d̂1D−d̂1 + D+d̂2D−d̂2 − [d̂1, d̂2]d̂3
)

. (4.12)

In a similar fashion, we write the superpotential terms in N =(1, 1) superspace:

SP = 2 Re

∫

D+D−

(

P1(F) + P2(F̃)
)

∣

∣

∣

∣

. (4.13)

These terms include mass and Fayet-Illiopoulos terms.

5. Conclusion

In this paper we have extended the results of [1, 2, 4] to the nonabelian case. While

the semichiral vector multiplet generalizes straightforwardly, the extension for the large

vector multiplet gave rise to subtleties and ambiguities that were not present in the abelian

case, namely, the different chirality conditions (3.16) that follow from the doubled set of

supercovariant derivatives ∇, ∇̂.

The nonabelian extension sheds light on the origins of some of the constraints on

actions for the large vector multiplet [4]. In particular, in the nonabelian case, D-terms are

further restricted to four possible kinetic terms and the restrictions on superpotential terms

found in [4] are an immediate consequence of the incompatibility in chirality properties for

N =(2, 2) field-strengths.

Applications of our work are both geometric and physical: They should give us insight

into nonabelian generalized Kähler quotients, and allow the construction of new generalized

gauged linear sigma models with NS-NS two-form flux.
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